Introduction {#Sec1}
============

Automated program analysis for inferring program complexity and resource bounds is a very active area of research. Amongst others, approaches have been developed for analyzing functional programs \[[@CR16]\], C\# \[[@CR15]\], C \[[@CR2], [@CR7], [@CR29], [@CR35]\], Java \[[@CR1]\] and Integer Transition Systems \[[@CR6], [@CR10]\]. Below we sketch applications in the areas of verification and program understanding. For additional motivation we refer the reader to the cited papers.

*Verification* In many applications such as *embedded systems* there is a hard constraint on the availability of resources such as CPU time, memory, bandwidth, etc. It is an important part of functional correctness that programs stay within their given resource limits. As a concrete example we mention that considerable effort has been invested to analyze the*worst case execution time (WCET)* of hard real-time systems \[[@CR33]\]. Another application domain is *security*, where the goal is to derive a bound on how much *secret information* is *leaked* in order to decide whether this leakage is acceptable \[[@CR31]\].

*Static Profiling and Program Understanding* Standard profilers report numbers such as how often certain program locations are visited and how much time is spent inside certain functions; however, no information is provided how these numbers are related to the program input. Recently, new profiling approaches have been proposed that apply curve fitting techniques for deriving a cost function, which relates size measures on the program input to the measured program performance \[[@CR9], [@CR34]\]. We believe that automated complexity and resource bound analysis lends itself naturally as *static profiling technique*, because it provides the user with a symbolic expression that relates the program performance to the program input. In the same way, complexity and resource bound analysis can be used to explore unfamiliar code or to annotate library functions by their performance characteristics; we note that a substantial number of performance bugs can be attributed to a "wrong understanding of API performance features" \[[@CR22]\].

As a final remark we discuss the relationship to *termination analysis*, which has been intensively studied in the last decade in the computer-aided verification community: complexity and resource bound analysis can be understood as a quantitative variant of termination analysis, where not only a qualitative "yes" answer is provided, but also a symbolic upper bound on the run-time of the program.

*Difference constraints* ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ DCs $$\end{document}$) have been introduced by Ben-Amram for termination analysis in \[[@CR4]\], where they denote relational inequalities of the form $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x' \le y + c$$\end{document}$, and describe that the value of *x* in the current state is at most the value of *y* in the previous state plus some constant $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c \in \mathbb {Z}$$\end{document}$. We call a program whose transitions are given by a set of difference constraints a *difference constraint program* ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ DCP $$\end{document}$).

We advocate the use of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ DCs $$\end{document}$ for program complexity and resource bound analysis. Our key insight is that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ DCs $$\end{document}$ provide a natural abstraction of the standard manipulations of counters in imperative programs: counter *increments* and *decrements*, i.e., $\documentclass[12pt]{minimal}
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                \begin{document}$$x' \le y$$\end{document}$ (see Sect. [6](#Sec16){ref-type="sec"} on program abstraction). The approach we discuss in this article exploits the expressive strength of $\documentclass[12pt]{minimal}
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                \begin{document}$$ DCs $$\end{document}$ and distinguishes between counter resets and counter increments in the reasoning. In contrast, previous approaches \[[@CR1], [@CR2], [@CR6], [@CR10], [@CR15], [@CR29], [@CR35]\] to bound analysis are not able to track increments *and* resets on the same level of precision and therefore often fail to infer tight bounds for a class of nested loop constructs which we identified during our experiments on real-world code (demonstrated by our experimental evaluation in Sect. [8.3](#Sec25){ref-type="sec"}). In this article we make the following contributions:Our analysis handles bound analysis problems of high practical relevance which current approaches cannot handle: we extend the range of bound analysis to a class of challenging but natural loop iteration patterns which typically appear in parsing and string-matching routines as we discuss in Sect. [2](#Sec2){ref-type="sec"}. At the same time our analysis is general and can handle most of the bound analysis problems which are discussed in the literature. Both claims are supported by our experiments.We advocate the idea of using bound analysis to infer invariants: we state a clear and concise formulation of invariant analysis by bound analysis on base of our abstract program model: our soundness proven algorithm (Sect. [3](#Sec6){ref-type="sec"}) obtains invariants through bound analysis, the inferred invariants are in turn used for obtaining bounds. Our bound analysis therefore does not rely on external techniques for invariant generation.We demonstrate that difference constraints are a suitable abstract program model for automatic complexity and resource bound analysis: we develop appropriate techniques for abstracting imperative programs to $\documentclass[12pt]{minimal}
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                \begin{document}$$ DCPs $$\end{document}$ in Sect. [6](#Sec16){ref-type="sec"}.We report on a thorough experimental comparison of state-of-the-art bound analysis tools (Sect. [8](#Sec22){ref-type="sec"}): we set up a tool comparison on (a) a large benchmark of real-world C-code (Sect. [8.1](#Sec23){ref-type="sec"}), (b) a benchmark built of examples taken from the bound analysis literature (Sect. [8.2](#Sec24){ref-type="sec"}) and (c) a benchmark of challenging iteration patterns which we found in real source code (Sect. [8.3](#Sec25){ref-type="sec"}).We have designed our analysis with the goal of scalability: our experiments demonstrate that our implementation outperforms the state-of-the-art with respect to scalability. We give a detailed discussion on how we achieve scalability in Sect. [10](#Sec28){ref-type="sec"}.This article is an extension of the conference version presented at FMCAD 2015 \[[@CR27]\]. Besides making the material more accessible through additional explanations and discussions, it adds the following contributions: (1) a discussion on the instrumentation of our analysis for *resource bound analysis* (Sect. [2.2](#Sec4){ref-type="sec"}). (2) A more detailed discussion and presentation of our *context-sensitive* bound algorithm (Sect. [3.3](#Sec9){ref-type="sec"}). (3) A more detailed discussion on how we determine local bounds and an extension to sets of local bounds (Sect. [4](#Sec13){ref-type="sec"}). (4) A complete example (Sect. [7](#Sec19){ref-type="sec"}). (5) A discussion on the relation to amortized complexity analysis (Sect. [9](#Sec26){ref-type="sec"}). (6) Additional experimental results (Sects. [8.2](#Sec24){ref-type="sec"} and [8.3](#Sec25){ref-type="sec"}). (7) In Electronic Supplementary Material we state the soundness proofs omitted in the conference version.

Motivation and Related Work {#Sec2}
===========================

Example xnuSimple stated in Fig. [1](#Fig1){ref-type="fig"} is representative for a class of loops that we found in parsing and string matching routines during our experiments. In these loops the inner loop iterates over disjoint partitions of an array or string, where the partition sizes are determined by the program logic of the outer loop. For an illustration of this iteration scheme see Example xnu in Fig. [9](#Fig9){ref-type="fig"} (Sect. [7](#Sec19){ref-type="sec"}), which contains a snippet of the source code after which we have modeled Example xnuSimple. Example xnuSimple has the linear *complexity* 2*n* (we define complexity here as the total number of loop iterations, for alternative definitions see the discussion in Sect. [2.2](#Sec4){ref-type="sec"}), because the inner loop as well as the outer loop can be iterated at most *n* times (as argued in the next paragraph). In the following, we give an overview how our approach infers the linear complexity for Example xnuSimple:Fig. 1Running Example xnuSimple, the symbol *asterisk* denotes non-determinism (arising from conditions not modeled in the analysis) *Program Abstraction* We abstract the program to a $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[p]$$\end{document}$ a *local bound* for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau _3$$\end{document}$. Accordingly we identify $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[x]$$\end{document}$ as a *local bound* for the transitions $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau _1,\tau _{2},\tau _{4},\tau _{5},\tau _{6}$$\end{document}$.*Bound Analysis* Our algorithm (stated in Sect. [3](#Sec6){ref-type="sec"}) computes *transition bounds*, i.e., (symbolic) upper bounds on the number of times program transitions can be executed, and *variable bounds*, i.e., (symbolic) upper bounds on variable values. For both types of bounds, the main idea of our algorithm is to reason *how much* and *how often* the value of the local bound resp. the variable value may increase during program run. Our algorithm is based on a mutual recursion between variable bound analysis ("how much", function $\documentclass[12pt]{minimal}
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Invariants and Bound Analysis {#Sec3}
-----------------------------

We motivate the need for invariants in bound analysis and sketch how our algorithm infers invariants by bound analysis. Consider Example twoSCCs in Fig. [2](#Fig2){ref-type="fig"}. It is easy to infer *x* as a bound for the possible number of iterations of the loop at $\documentclass[12pt]{minimal}
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We call the kind of invariants that our algorithm infers *upper bound invariants* (Definition [6](#FPar6){ref-type="sec"}). We compare our reasoning to classical invariant analysis in Sect. [2.3](#Sec5){ref-type="sec"}.

Resource Bound Analysis {#Sec4}
-----------------------

We shortly discuss how *resource bound analysis* can be naturally formulated within our framework. We introduce a fresh variable *c* and add the initialization $\documentclass[12pt]{minimal}
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                \begin{document}$$c = c + k$$\end{document}$ at program locations where a resource of cost *k* is consumed (*k* is positive) or freed (*k* is negative). Resource bound analysis is then equivalent to computing an upper bound on the value of the variable *c*. We can run our algorithm $\documentclass[12pt]{minimal}
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In the same way we can encode related bound analysis problems: *reachability bounds* \[[@CR15]\] (visits to a single location), visits to multiple transitions, loop bounds or complexity analysis. For each of these bound analysis problems one can add a counter increment at the program locations of interest.

We illustrate the suggested encoding on the problem of computing loop bounds: for a given loop we add increments of the counter variable *c* to every back edge of the loop. Calling $\documentclass[12pt]{minimal}
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                \begin{document}$$ V\mathcal {B} (c)$$\end{document}$ then returns the sum of the transition bounds of all back edges of the loop. This example also illustrates how transition bounds are used for computing variable bounds in our approach.

Related Work {#Sec5}
------------

*Termination* In \[[@CR4]\] it is shown that termination of $\documentclass[12pt]{minimal}
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*Bound Analysis* In \[[@CR35]\] a bound analysis based on so-called *size-change constraints* $\documentclass[12pt]{minimal}
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                \begin{document}$$ DCs $$\end{document}$. However, termination is decidable even for size-change programs that are not fan-in free and a complete algorithm for deciding the complexity of size-change programs has been developed \[[@CR8]\]. For reasoning about *inner loops* \[[@CR35]\] computes *disjunctive loop* summaries while such summaries are not computed by the approach discussed in this work.

In \[[@CR29]\] a bound analysis based on constraints of the form $\documentclass[12pt]{minimal}
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                \begin{document}$$x' \le x + c$$\end{document}$ is proposed, where *c* is either an integer or a symbolic constant. Because the constraints in \[[@CR29], [@CR35]\] cannot model both increments *and* resets, the resulting bound analyses cannot infer the linear complexity of Example xnuSimple and need to rely on external techniques for invariant analysis.

The COSTA project (e.g. \[[@CR1]\]) obtains recurrence relations from so-called *cost equations* using *invariant analysis* based on the *polyhedra abstract domain* and approaches from the literature for synthesizing *linear ranking functions*. Closed-form solutions for the obtained recurrence relations are inferred by means of *computer algebra*.

The technique discussed in \[[@CR10]\] is based on the COSTA approach and formulated in terms of *cost equations*. Further, paper \[[@CR10]\] is inspired by the counter instrumentation-based approach \[[@CR14]\] and applies the techniques \[[@CR3], [@CR25]\] for inferring *linear ranking functions*. The technique of \[[@CR10]\] achieves a high precision of the inferred bounds by means of control-flow refinement (see also Ref. \[[@CR11]\]).

The technique discussed in \[[@CR2]\] over-approximates the *reachable states* by *abstract interpretation* based on the *polyhedra abstract domain*. This information is used for generating a *linear constraint problem* from which a *multi-dimensional linear ranking function* is obtained. A bound on the number of values which can be taken by the ranking function is then obtained from the previously computed approximation of the reachable states. Importantly, the number of dimensions of the ranking function determines the degree of the bound polynomial. The approach of \[[@CR2]\] therefore aims at inferring a ranking function with a *minimal* number of dimensions and thus depends on a *minimal* solution to the linear constraint problem which is obtained by *linear optimization* (Technique \[[@CR2]\] instruments the LP-solver with an *objective function*).

The technique discussed in \[[@CR6]\] applies approaches from the literature for *synthesizing ranking functions* thereby inferring bounds on the number of times the execution of isolated program parts can be repeated. These bounds, called *time bounds*, are then used to compute bounds on the absolute value of variables, so-called *variable size bounds*. Additional information is inferred through *abstract interpretation* based on the *octagon abstract domain*. An overall complexity bound is deduced by alternating between time bound and variable size bound analysis. In each alternation bounds for larger program parts are obtained based on the previously computed information.

In Sect. [8](#Sec22){ref-type="sec"} we compare our implementation against the techniques \[[@CR2], [@CR6], [@CR7], [@CR10], [@CR29]\].

*Amortized Complexity Analysis* We note that inferring the linear complexity 2*n* for Example xnuSimple, even though the inner loop can already be iterated *n* times *within* one iteration of the outer loop, is an instance of *amortized complexity analysis* \[[@CR32]\]: the cost of executing the inner loop, *averaged* over all *n* iterations of the outer loop is 1. Most previous approaches \[[@CR1], [@CR6], [@CR10], [@CR15], [@CR29], [@CR35]\] can establish only a *quadratic* bound for Example xnuSimple. A typical reasoning which fails to establish the *linear complexity* of Example xnuSimple is as follows: (1) the outer loop can be iterated at most *n* times, (2) the inner loop can be iterated at most *n* times *within* one iteration of the outer loop (because the inner loop has a local loop bound *p* and $\documentclass[12pt]{minimal}
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                \begin{document}$$p \le n$$\end{document}$ is an invariant), (3) the loop bound $\documentclass[12pt]{minimal}
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                \begin{document}$$n^2$$\end{document}$ is obtained from (1) and (2) by multiplication.

The recent paper \[[@CR7]\] discusses an interesting alternative for amortized complexity analysis of imperative programs: a system of linear inequalities is derived using Hoare-style proof-rules. Solutions to the system represent valid *linear* resource bounds. Since bound analysis typically does not aim at *some* bound but tries to infer a *tight* bound, Ref. \[[@CR7]\] uses *linear optimization* (an LP-solver instrumented by an *objective function*) in order to obtain a *minimum solution* to the problem. Interestingly, Ref. \[[@CR7]\] is able to compute the linear bound for $\documentclass[12pt]{minimal}
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                \begin{document}$$l_3$$\end{document}$ of Example xnuSimple but fails to deduce the bound for the original source code (discussed in Sect. [7](#Sec19){ref-type="sec"}). Moreover, Ref. \[[@CR7]\] is restricted to linear bounds, while our approach derives bounds which are polynomial (see, e.g., the results in Table [12](#Tab12){ref-type="table"}) and which contain the maximum operator (e.g., Example twoSCCs). We compare our implementation to the implementation of Ref. \[[@CR7]\] in Sect. [8](#Sec22){ref-type="sec"}.

*Invariants and Bound Analysis* The powerful idea of expressing locally computed bounds in terms of the function parameters by alternating between bound analysis and variable upper bound analysis has previously been applied in \[[@CR6], [@CR12], [@CR28]\]. Since Refs. \[[@CR12], [@CR28]\] do not give a general algorithm but deal with specific cases we focus our discussion on \[[@CR6]\] and highlight some important differences. The technique discussed in \[[@CR6]\] computes upper bound invariants only for the *absolute* values of variables; for many cases, this does not allow to distinguish between variable increments and decrements: consider the program foo(int x, int y) {while(y\> 0) {x $\documentclass[12pt]{minimal}
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                \begin{document}$$|x| = |x| + 1$$\end{document}$. This can either lead to gross over-approximations or failure of bound computation if the increment of \|*x*\| cannot be bounded. Since our approach does not track the *absolute* value but the value, it is not concerned with this problem. The technique discussed in \[[@CR6]\] does not support *amortized analysis*: e.g., The technique \[[@CR6]\] fails to compute the *linear bounds* for Example xnuSimple (Fig. [1](#Fig1){ref-type="fig"}), Example xnu (Fig. [9](#Fig9){ref-type="fig"}) and other examples we discuss in this article (see also the results in Sect. [8.3](#Sec25){ref-type="sec"}). On the other hand, Ref. \[[@CR6]\] can infer bounds for functions with multiple recursive calls which is not supported by the analysis we present in this article.

*Comparison to Invariant Analysis* We contrast our previously discussed approach for computing a bound for the loop at $\documentclass[12pt]{minimal}
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                \begin{document}$$l_3$$\end{document}$ of Example xnuSimple with classical invariant analysis: assume that we have added a counter *c* which counts the number of inner loop iterations (i.e., *c* is initialized to 0 and incremented in the inner loop). For inferring $\documentclass[12pt]{minimal}
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                \begin{document}$$c+x+p\le n$$\end{document}$ for the inner loop. Both relate 3 variables and cannot be expressed as (parametrized) octagons (e.g., \[[@CR26]\]). Further, the expressions $\documentclass[12pt]{minimal}
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                \begin{document}$$c+x+p$$\end{document}$ do not appear in the program, which is challenging for template based approaches to invariant analysis.

We now contrast our variable bound analysis (function $\documentclass[12pt]{minimal}
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                \begin{document}$$ V\mathcal {B} $$\end{document}$) with classical invariant analysis: reconsider Example twoSCCs in Fig. [2](#Fig2){ref-type="fig"}. We have discussed how our algorithm obtains the invariant $\documentclass[12pt]{minimal}
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                \begin{document}$$x \le \max (m_1,m_2) + 2n$$\end{document}$ by means of bound analysis in the course of computing a bound for the loop at $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$l_3$$\end{document}$. Note, that the invariant $\documentclass[12pt]{minimal}
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                \begin{document}$$x \le \max (m_1,m_2) + 2n$$\end{document}$ cannot be computed by standard abstract domains such as *octagon* or *polyhedra*: these domains are *convex* and cannot express non-convex relations such as *maximum*. The most precise approximation of *x* in the polyhedra domain is $\documentclass[12pt]{minimal}
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                \begin{document}$$x \le m_1 + m_2 + 2n$$\end{document}$. Unfortunately, it is well-known that the polyhedra abstract domain does not scale to larger programs and needs to rely on heuristics for termination. Standard *abstract domains* such as *octagon* or *polyhedra* propagate information *forward* until a fixed point is reached, *greedily* computing all possible invariants expressible in the abstract domain at every location of the program. In contrast, our method $\documentclass[12pt]{minimal}
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                \begin{document}$$x \le \max (m1,m2) + 2n$$\end{document}$ by *modular reasoning*: *local information* about the program (i.e., local bounds and increments/resets of variables) is combined to a *global* program property. Moreover, our variable and transition bound analysis is *demand-driven*: our algorithm performs only those recursive calls that are indeed needed to derive the desired bound. We believe that our analysis complements existing techniques for invariant analysis and will find applications outside of bound analysis.

Program Model and Algorithm {#Sec6}
===========================

In this section we present our algorithm for computing worst-case upper bounds on the number of executions of a given transition (transition bound) and on the value of a given program expression (variable bound and upper bound invariant).

Definition 1 {#FPar1}
------------
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                \begin{document}$$T\subseteq L\times 2^{{\varSigma }\times {\varSigma }} \times L$$\end{document}$ is a finite set of *transitions*. We write $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda \in 2^{{\varSigma }\times {\varSigma }}$$\end{document}$ a *transition relation*. A *path* of $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$l_0 \xrightarrow {\lambda _0} l_1 \xrightarrow {\lambda _1} \cdots $$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {P}$$\end{document}$ is a sequence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho = (l_b,\sigma _0) \xrightarrow {\lambda _0} (l_1,\sigma _1) \xrightarrow {\lambda _1} \cdots $$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$l_b \xrightarrow {\lambda _0} l_1 \xrightarrow {\lambda _1} \cdots $$\end{document}$ is a path of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {P}$$\end{document}$ and for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0 < i$$\end{document}$ it holds that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\sigma _{i-1},\sigma _i) \in \lambda _{i-1}$$\end{document}$. A run $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho $$\end{document}$ is *complete* if it ends at $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$l_e$$\end{document}$.

Note that a *run* of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {P}= (L, T, l_b,l_e)$$\end{document}$ starts at location $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$l_b$$\end{document}$. Further note that we call an *edge* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${l_1 \xrightarrow {\lambda } l_1} \in T$$\end{document}$ of the program a *transition*, whereas $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda $$\end{document}$ is its *transition relation*. In the following we will refer to *transitions* by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau $$\end{document}$ and to *transition relations* by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda $$\end{document}$.

*Transition bounds* are at the core of our analysis: we infer bounds on the number of loop iterations, on computational complexity, on resource consumption, etc., by computing bounds on the number of times that one or several transitions can be executed. Before we formally define our notion of a transition bound we have to introduce some notation.

Definition 2 {#FPar2}
------------

(*Counter Notation I*) Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {P}(L, T,l_b, l_e)$$\end{document}$ be a program over $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\varSigma }$$\end{document}$. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau \in T$$\end{document}$. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho = (l_b,\sigma _0) \xrightarrow {\lambda _0} (l_1,\sigma _1) \xrightarrow {\lambda _1} \cdots $$\end{document}$ be a run of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {P}$$\end{document}$. By $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sharp (\tau , \rho )$$\end{document}$ we denote the number of times that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau $$\end{document}$ occurs on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho $$\end{document}$.

In the following, we denote by '$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\infty $$\end{document}$' a value s.t. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a < \infty $$\end{document}$ for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a \in \mathbb {Z}$$\end{document}$ (infinity).

Definition 3 {#FPar3}
------------

(*Transition Bound*) Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {P}= (L, T, l_b,l_e)$$\end{document}$ be program over states $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\varSigma }$$\end{document}$. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau \in T$$\end{document}$. A value $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathtt {b}\in \mathbb {N}_0 \cup \{\infty \}$$\end{document}$ is a bound for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau $$\end{document}$ on a run $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho = (l_{b}, \sigma _0) \xrightarrow {\lambda _0} (l_{1}, \sigma _1) \xrightarrow {\lambda _1} (l_{2}, \sigma _2) \xrightarrow {\lambda _2} \cdots $$\end{document}$ of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {P}$$\end{document}$ iff $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sharp (\tau ,\rho ) \le \mathtt {b}$$\end{document}$, i.e., iff $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau $$\end{document}$ appears not more than $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathtt {b}$$\end{document}$ times on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho $$\end{document}$. A function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathtt {b}: {\varSigma }\rightarrow \mathbb {N}_{0} \cup \{\infty \}$$\end{document}$ is a *bound* for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau $$\end{document}$ iff for all runs $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho $$\end{document}$ of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {P}$$\end{document}$ it holds that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathtt {b}(\sigma _0)$$\end{document}$ is a bound for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau $$\end{document}$ on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho $$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma _0$$\end{document}$ denotes the initial state of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho $$\end{document}$.

Given a program transition $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau $$\end{document}$, our bound algorithm (which we define below) computes a *bound* for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau $$\end{document}$. If possible, the bound computed by our algorithm should be *precise* or *tight*, in particular the trivial bound $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\varSigma }\rightarrow \infty $$\end{document}$ is (most often) of no value to us.

Definition 4 {#FPar4}
------------

(*Precise Transition Bound*) Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {P}(L, T,l_b, l_e)$$\end{document}$ be a program over states $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\varSigma }$$\end{document}$. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau \in T$$\end{document}$. We say that a transition bound $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathtt {b}: {\varSigma }\rightarrow \mathbb {N}_{0} \cup \{\infty \}$$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau $$\end{document}$ is *precise* iff for each $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma _0 \in {\varSigma }$$\end{document}$ there is a run $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho = (l_b,\sigma _0) \xrightarrow {\lambda _0} (l_1,\sigma _1) \xrightarrow {\lambda _1} \cdots $$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sharp (\tau ,\rho ) = \mathtt {b}(\sigma _0)$$\end{document}$.

*Informally* A transition bound is *precise* if it can be reached for all initial states $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma _0$$\end{document}$. Note that there is exactly *one* precise transition bound.

Definition 5 {#FPar5}
------------

(*Tight Transition Bound*) Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {P}(L, T,l_b, l_e)$$\end{document}$ be a program over states $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\varSigma }$$\end{document}$. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau \in T$$\end{document}$. We say that a transition bound $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathtt {b}: {\varSigma }\rightarrow \mathbb {N}_{0} \cup \{\infty \}$$\end{document}$ is *tight* iff there is a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c > 0$$\end{document}$ such that either (1) for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma \in {\varSigma }$$\end{document}$ we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathtt {b}(\sigma ) < c$$\end{document}$ ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathtt {b}$$\end{document}$ is bounded), or (2) there is a family of states $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\sigma _{i})_{i\in \mathbb {N}}$$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lim \nolimits _{i\mapsto {\infty }}\mathtt {b}(\sigma _i) = \infty $$\end{document}$ ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathtt {b}$$\end{document}$ is unbounded) such that for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma _i$$\end{document}$ there is a run $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho _i$$\end{document}$ starting in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma _i$$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathtt {b}(\sigma _i) \le c \times \sharp (\tau ,\rho _i)$$\end{document}$.

*Informally* A transition bound is *tight* if it is in the same *asymptotic class* as the *precise* transition bound: let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau \in T$$\end{document}$. For the special case $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\varSigma }= \mathbb {N}$$\end{document}$ we have the following: let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f: \mathbb {N} \rightarrow \mathbb {N}$$\end{document}$ denote the *precise* transition bound for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau $$\end{document}$. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g: \mathbb {N} \rightarrow \mathbb {N}$$\end{document}$ be *some* transition bound for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau $$\end{document}$. Trivially $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f \in O(g)$$\end{document}$ (*f* does not grow faster than *g*). Now, *g* is *tight* if also $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f \in {\varOmega }(g)$$\end{document}$ (*f* does not always grow slower than *g*). With $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f \in O(g)$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f \in {\varOmega }(g)$$\end{document}$ we have that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f \in {\varTheta }(g)$$\end{document}$. The same can be formulated for general state sets $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\varSigma }$$\end{document}$ by mapping $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
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We discussed in Sect. [2.1](#Sec3){ref-type="sec"} that in the course of computing transition bounds, our analysis computes *invariants* of a special shape. We now formally define the form of the invariants that our analysis infers.

Definition 6 {#FPar6}
------------
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We now formally define the notion *local bound* that we motivated in Sect. [2](#Sec2){ref-type="sec"}.

Definition 7 {#FPar7}
------------
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Definition 8 {#FPar8}
------------
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Definition 9 {#FPar9}
------------
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*Discussion* A natural number valued norm $\documentclass[12pt]{minimal}
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                \begin{document}$$e$$\end{document}$ increases) are not executed. We argue in Sect. [9](#Sec26){ref-type="sec"} that in our analysis *local bounds* play the role of *potential functions* in classical *amortized complexity analysis* \[[@CR32]\]. We discuss how we obtain local bounds in Sect. [4](#Sec13){ref-type="sec"}.

Difference Constraint Programs {#Sec7}
------------------------------

As discussed introductory, we base our algorithm on the abstract program model of *difference constraint programs* which we now formally define in Definition [12](#FPar12){ref-type="sec"}. We discuss in Sect. [6](#Sec16){ref-type="sec"} how we abstract a given program to a $\documentclass[12pt]{minimal}
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### Definition 10 {#FPar10}
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### Definition 11 {#FPar11}
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### Definition 12 {#FPar12}

(*Difference Constraint Program, Syntax*) A *difference constraint program* ($\documentclass[12pt]{minimal}
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Our bound algorithm, which we define next, computes a special case of an *upper bound invariant* which we call a *variable bound*.
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### Definition 19 {#FPar19}
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### Theorem 1 {#FPar20}
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In the following we describe two straightforward improvements of the algorithm stated in Definition [19](#FPar19){ref-type="sec"}.
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Reasoning Based on Reset Chains {#Sec9}
-------------------------------

Consider Fig. [4](#Fig4){ref-type="fig"}. The precise bound for the loop at $\documentclass[12pt]{minimal}
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We define the notion of a *reset graph* as a means to reason systematically about the context under which *resets* can be executed.

### Definition 20 {#FPar21}
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*Example* Figure [4](#Fig4){ref-type="fig"}c shows the reset graph of Fig. [4](#Fig4){ref-type="fig"}b.

We elaborate on the notions *sound* and *optimal* below. Let us first state a basic intuition on how we employ reset chains to enhance the precision of our reasoning:
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### Algorithm Based on Reset Chain Forests {#Sec10}
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#### Definition 21 {#FPar22}
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                \begin{document}$$l_3$$\end{document}$ in the concrete program (Fig. [1](#Fig1){ref-type="fig"}a, *n* has type *unsigned*).Fig. 5**a** Example, **b** Abstraction, **c** Reset Graph

*Soundness* Definition [21](#FPar22){ref-type="sec"} for $\documentclass[12pt]{minimal}
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                \begin{document}$$ DCP $$\end{document}$s with a reset DAG. We prove soundness of Definition [23](#FPar24){ref-type="sec"} in Electronic Supplementary Material.

*Complexity* The nodes of a reset forest are the variables and constants of the abstract program (the elements of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {A}$$\end{document}$). Since the number of paths of a forest is polynomial in the number of nodes, the run time of our algorithm remains polynomial.

### Algorithm Based on Reset Chain DAGs {#Sec11}

The examples we considered so far had reset forests. (Note that the definition of a *reset forest* (Definition [20](#FPar21){ref-type="sec"}) only requires the sub-graph over the variables, i.e., the reset graph without the nodes that are symbolic constants, to be a *forest*.) In the following we generalize Definition [21](#FPar22){ref-type="sec"} to reset DAGs. We discuss in Sect. [3.4](#Sec12){ref-type="sec"} how we ensure that the reset graph is *acyclic*.

Consider the Example shown in Fig. [5](#Fig5){ref-type="fig"}. The outer loop (at $\documentclass[12pt]{minimal}
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                \begin{document}$$\tau _6$$\end{document}$ can be executed 2*n* times, e.g., by executing the program as depicted in Table [5](#Tab5){ref-type="table"}:

The first row counts the number of iterations of the outer loop, the second row shows the transitions that are executed and in the last two rows the values of *r* resp. *p* are tracked. The execution switches between two iteration schemes of the outer loop: an uneven iteration increments *r* twice (by executing $\documentclass[12pt]{minimal}
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                \begin{document}$$\tau _6$$\end{document}$ two times. Afterward the value of *r* is "saved" in *p* for the next (even) iteration of the outer loop before *r* is set to 0 on $\documentclass[12pt]{minimal}
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                \begin{document}$$\tau _6$$\end{document}$ can be executed again two times in the next, even iteration though *r* is not incremented on that iteration.Table 5Run of Figure [5](#Fig5){ref-type="fig"}

Consider the abstracted $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ DCP $$\end{document}$ in Fig. [5](#Fig5){ref-type="fig"}b and its reset graph in Fig. [5](#Fig5){ref-type="fig"}c. We have that $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[p]$$\end{document}$ (see Fig. [5](#Fig5){ref-type="fig"} c). Observe that both are sound, i.e., between any two executions of $\documentclass[12pt]{minimal}
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I.e., since there are two paths from $\documentclass[12pt]{minimal}
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                \begin{document}$$\kappa _3$$\end{document}$. Definition [22](#FPar23){ref-type="sec"} distinguishes between nodes that have a single resp. multiple path(s) to a given variable in the reset graph. This is used in Definition [23](#FPar24){ref-type="sec"} for a sound handling of the latter case.

#### Definition 22 {#FPar23}
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#### Definition 23 {#FPar24}

(*Bound Algorithm Based on Reset Chains (reset DAG)*) Let $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} T\mathcal {B} (\tau )&= \zeta (\tau )\text {, if } \zeta (\tau ) \not \in \mathcal {V}\text {, else}\\ T\mathcal {B} (\tau )&= \mathtt {Incr}\left( \bigcup \limits _{\kappa \in \mathfrak {R}(\zeta (\tau ))} atm _1(\kappa )\right) \\&~~~~~~~+~\sum \limits _{\kappa \in \mathfrak {R}(\zeta (\tau ))} T\mathcal {B} ( trn (\kappa )) \times \max ( V\mathcal {B} ( in (\kappa )) + c (\kappa ), 0) + \mathtt {Incr}( atm _2(\kappa )) \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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*Example* As shown in Table [6](#Tab6){ref-type="table"} we get $\documentclass[12pt]{minimal}
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#### Theorem 2 {#FPar25}

( Soundness of Bound Algorithm using Reset Chains) Let $\documentclass[12pt]{minimal}
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#### Proof {#FPar26}

See Electronic Supplementary Material.

*Complexity* A DAG can have exponentially many paths in the number of nodes. Thus there can be exponentially many reset chains in $\documentclass[12pt]{minimal}
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Preprocessing: Transforming a Reset Graph into a Reset DAG {#Sec12}
----------------------------------------------------------
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### Definition 24 {#FPar27}
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the *variable flow graph*.

For an example see Fig. [6](#Fig6){ref-type="fig"}c.
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*Examples* Figure [6](#Fig6){ref-type="fig"}d is obtained from Fig. [6](#Fig6){ref-type="fig"}a by applying the described transformation using the mapping $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varsigma (x,l_1) = \varsigma (y,l_2) = z$$\end{document}$.

*Soundness* Soundness of the described variable renaming is obvious if there are no two (different) variables $\documentclass[12pt]{minimal}
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Finding Local Bounds {#Sec13}
====================

In this section we describe our algorithm for finding local bounds.
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*Algorithm* The above intuition can be turned into a simple three-step algorithm. Let $\documentclass[12pt]{minimal}
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*Discussion on Soundness* Soundness of Steps (1) and (2) is obvious. We discuss soundness of Step (3): let $\documentclass[12pt]{minimal}
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It is straightforward to ensure soundness of the algorithm: adding an edge from $\documentclass[12pt]{minimal}
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                \begin{document}$$\tau _1$$\end{document}$ of Fig. [8](#Fig8){ref-type="fig"}b, which is sound. We discuss how we handle the example in Fig. [8](#Fig8){ref-type="fig"} in Sect. [4.1](#Sec14){ref-type="sec"}.

*Complexity* Steps (1) and (2): can be implemented in linear time. Step (3): for each $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathtt {v}\in \mathcal {V}$$\end{document}$ we need to compute the SCCs of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(L,E{\setminus }{\xi }(\mathtt {v}))$$\end{document}$. It is well known that SCCs can be computed in linear time (linear in the number of edges and nodes). Since we need to perform one SCC computation per variable, Step (3) is quadratic.

Generalizing Local Bounds to Sets of Local Bounds {#Sec14}
-------------------------------------------------

Fig. 7**a** Example, **b** $\documentclass[12pt]{minimal}
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                \begin{document}$$ DCP $$\end{document}$ obtained by abstraction

Consider the example in Fig. [7](#Fig7){ref-type="fig"}. In Fig. [7](#Fig7){ref-type="fig"}b the $\documentclass[12pt]{minimal}
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In the following we discuss a simple generalization of our algorithm by which we avoid an explicit composition of local bounds.

We generalize the local bound mapping $\documentclass[12pt]{minimal}
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### Definition 25 {#FPar28}

(*Local Bound Set Mapping*) Let $\documentclass[12pt]{minimal}
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                \begin{document}$$\sharp (\tau ,\rho ) \le (\sum \nolimits _{\mathtt {v}\in \zeta (\tau ) \cap \mathcal {V}} {\downarrow }(\mathtt {v},\rho )) + \sum \nolimits _{\mathtt {expr}\in \zeta (\tau ){\setminus }\mathcal {V}} \llbracket \mathtt {expr}\rrbracket (\sigma _0)$$\end{document}$.
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                \begin{document}$$\zeta $$\end{document}$ *is a local bound set mapping* for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\varDelta }\mathcal {P}$$\end{document}$ if $\documentclass[12pt]{minimal}
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*Example* For Fig. [7](#Fig7){ref-type="fig"}b we have that $\documentclass[12pt]{minimal}
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                \begin{document}$$\zeta (\tau _3) = \{[x],[y]\}$$\end{document}$ is a *local bound set mapping*.

We generalize the transition bound algorithm $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathtt {expr}\in \zeta (\tau )$$\end{document}$. We exemplify the generalization by extending Definition [19](#FPar19){ref-type="sec"}.

### Definition 26 {#FPar29}

(*Bound Algorithm based on Local Bound Sets*) Let $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} T\mathcal {B} (\tau )&= \sum \limits _{\mathtt {lb}\in \zeta (\tau )} T\mathcal {B} (\mathtt {lb})\\ T\mathcal {B} (\mathtt {lb})&= \mathtt {lb}, \text { if } \mathtt {lb}\not \in \mathcal {V}, \text { else}\\ T\mathcal {B} (\mathtt {lb})&= \mathtt {Incr}(\mathtt {lb}) + \sum \limits _{( t ,\mathtt {a},\mathtt {c}) \in \mathcal {R}(\mathtt {lb})} T\mathcal {B} ( t ) \times \max ( V\mathcal {B} (\mathtt {a}) + \mathtt {c}, 0) \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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*Example* For Fig. [7](#Fig7){ref-type="fig"} we get $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \begin{document}$$[n] = n$$\end{document}$ because *n* has type *unsigned*).Table 7Computation of $\documentclass[12pt]{minimal}
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                \begin{document}$$ T\mathcal {B} (\tau _3)$$\end{document}$ for Fig. [7](#Fig7){ref-type="fig"}b by Definition [26](#FPar29){ref-type="sec"}

*Inferring a Local Bound Set Mapping* The algorithm for *finding local bounds* can be easily extended for finding *local bound sets*: steps (1) and (2) remain unchanged. Step (3) is generalized as follows: let $\documentclass[12pt]{minimal}
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                \begin{document}$$\zeta (\tau ) = \{\mathtt {v}_1,\ldots ,\mathtt {v}_k\}$$\end{document}$ if it holds that for each execution of $\documentclass[12pt]{minimal}
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                \begin{document}$${\xi }(\mathtt {v}_1) \cup \cdots \cup {\xi }(\mathtt {v}_k)$$\end{document}$ is executed. This can be implemented by checking, if $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
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                \usepackage{upgreek}
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                \begin{document}$$\tau $$\end{document}$ does not belong to a *strongly connected component* (SCC) $\documentclass[12pt]{minimal}
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \usepackage{upgreek}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$E^\prime = E\cup \{l_e \xrightarrow {\emptyset } l_b\}{\setminus }({\xi }(\mathtt {v}_1) \cup \cdots \cup {\xi }(\mathtt {v}_k))$$\end{document}$.

Note that Step (3) is parametrized in the number $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
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                \begin{document}$$k \in \mathbb {N}$$\end{document}$ of variables considered. For obvious reasons it is preferable to find local bound sets of *minimal size*. Given a transition $\documentclass[12pt]{minimal}
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                \usepackage{mathrsfs}
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                \begin{document}$$\tau $$\end{document}$ and increment *k* only if the search fails. With a fixed limit for *k* the complexity of our procedure for finding local bounds remains polynomial. To our experience limiting *k* to 3 is sufficient in practice.

*Handling break statements* Consider Fig. [8](#Fig8){ref-type="fig"}a. The loop (resp. its back-edge) can be executed *n* times, the *skip* instruction (a placeholder for some code of interest), however, can be executed $\documentclass[12pt]{minimal}
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                \begin{document}$$\tau _1$$\end{document}$ (modeling the *skip* instruction). We extend the algorithm as follows: we set $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
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                \begin{document}$$k = 2$$\end{document}$ given that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$\zeta (\tau _3) = \{[x], 1\}$$\end{document}$ our algorithm from Definition [26](#FPar29){ref-type="sec"} correctly infers $\documentclass[12pt]{minimal}
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Combined Bound Algorithm {#Sec15}
========================

We have developed our algorithm for computing transition bounds and variable bounds on $\documentclass[12pt]{minimal}
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                \begin{document}$$ DCPs $$\end{document}$ step-wise in Sect. [3](#Sec6){ref-type="sec"} (Definitions [19](#FPar19){ref-type="sec"}, [21](#FPar22){ref-type="sec"}, [23](#FPar24){ref-type="sec"}), in each step adding new features to the algorithm. In this sense Definition [23](#FPar24){ref-type="sec"} subsumes Definitions [21](#FPar22){ref-type="sec"} and [19](#FPar19){ref-type="sec"}. We now combine Definition [23](#FPar24){ref-type="sec"} with the extension to *sets of local bounds* (Sect. [4.1](#Sec14){ref-type="sec"}) and obtain Definition [27](#FPar30){ref-type="sec"}.

Definition 27 {#FPar30}
-------------

(*Combined Bound Algorithm*) Let $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {A}$$\end{document}$. Let $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\zeta : E\rightarrow 2^{ Expr (\mathcal {A})}$$\end{document}$. Let $\documentclass[12pt]{minimal}
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                \begin{document}$$ V\mathcal {B} : \mathcal {A}\mapsto Expr (\mathcal {A})$$\end{document}$ be defined as in Definition [19](#FPar19){ref-type="sec"}. We override the definition of $\documentclass[12pt]{minimal}
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                \begin{document}$$ T\mathcal {B} : E\mapsto Expr (\mathcal {A})$$\end{document}$ in Definition [19](#FPar19){ref-type="sec"} by stating:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} T\mathcal {B} (\tau )&= \sum \limits _{\mathtt {lb}\in \zeta (\tau )} T\mathcal {B} (\mathtt {lb})\\ T\mathcal {B} (\mathtt {lb})&= \mathtt {lb}, \text { if } \mathtt {lb}\not \in \mathcal {V}, \text { else}\\ T\mathcal {B} (\mathtt {lb})&= \mathtt {Incr}\left( \bigcup \limits _{\kappa \in \mathfrak {R}(\mathtt {lb})} atm _1(\kappa )\right) \\&\quad +\sum \limits _{\kappa \in \mathfrak {R}(\mathtt {lb})} T\mathcal {B} ( trn (\kappa )) \times \max ( V\mathcal {B} ( in (\kappa )) + c (\kappa ), 0) + \mathtt {Incr}( atm _2(\kappa )) \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathtt {Incr}(\emptyset ) = 0$$\end{document}$) and
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                \begin{document}$$\mathcal {I}(\mathtt {v}) = \emptyset $$\end{document}$).

We introduced and discussed the terms from which Definition [27](#FPar30){ref-type="sec"} is composed in Sects. [3](#Sec6){ref-type="sec"} and [4.1](#Sec14){ref-type="sec"}.

*Soundness* Soundness of Definition [27](#FPar30){ref-type="sec"} results from Theorem [2](#FPar25){ref-type="sec"} (proven in Appendix and the discussion in Sect. [4.1](#Sec14){ref-type="sec"}. Note that Definition [27](#FPar30){ref-type="sec"} is only sound for $\documentclass[12pt]{minimal}
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Program Abstraction {#Sec16}
===================

In the following we discuss how we abstract a given program to a $\documentclass[12pt]{minimal}
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Definition 28 {#FPar31}
-------------

(*Difference Constraint Invariants*) Let $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {P}(L,T,l_e,l_b)$$\end{document}$ be a *program* over states $\documentclass[12pt]{minimal}
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                \begin{document}$$e_1^\prime \le e_2 + e_3$$\end{document}$ is *invariant on* a transition $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${l_1 \xrightarrow {\lambda } l_2} \in T$$\end{document}$, if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$e_1(\sigma _2) \le e_2(\sigma _1) + e_3(\sigma _1)$$\end{document}$ holds for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\sigma _1, \sigma _2) \in \lambda $$\end{document}$.

Definition 29 {#FPar32}
-------------

(*DCP Abstraction of a Program*) Let $\documentclass[12pt]{minimal}
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Our abstraction algorithm proceeds in two steps: we first abstract a given concrete program to a $\documentclass[12pt]{minimal}
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Abstraction I: $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ DCP $$\end{document}$s with Integer Semantics {#Sec17}
--------------------------------------------------------------------------------
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*Example* See Fig. [10](#Fig10){ref-type="fig"}a in Sect. [7.1](#Sec20){ref-type="sec"} for an example.
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### Definition 30 {#FPar33}
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*Termination* We have to ensure the termination of our abstraction procedure, since case (b) in step "*2. Abstracting Transitions*" triggers a recursive abstraction for the newly added norm: note that we can always stop the abstraction process at any point, getting a sound abstraction of the original program. We therefore ensure termination of the abstraction algorithm by limiting the chain of recursive abstraction steps that is triggered by entering case (2.b).
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*Data Structures* In previous publications \[[@CR13], [@CR24]\] it has been described how to abstract programs with data structures to pure integer programs by making use of appropriate *norms* such as the length of a list or the number of elements in a tree. In our implementation we follow these approaches using a light-weight abstraction based on optimistic aliasing assumptions (see \[[@CR30]\] for details). Once the program is transformed to an integer program, our abstraction algorithm is applied as described above for obtaining a difference constraint program.

Abstraction II: From the Integers to the Natural Numbers {#Sec18}
--------------------------------------------------------
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We can handle decrements greater than 2 accordingly: e.g., if $\documentclass[12pt]{minimal}
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A Complete Example {#Sec19}
==================

Example xnu in Fig. [9](#Fig9){ref-type="fig"}a contains a snippet of the source code after which we have modeled Example xnuSimple in Fig. [1](#Fig1){ref-type="fig"}. The full version of Example xnu can be found in the SPEC CPU2006 benchmark,[1](#Fn1){ref-type="fn"} in function XNU of 456.hmmer/src/masks.c. The outer loop in Example xnu partitions the interval \[0, *len*\] into disjoint sub-intervals \[*beg*, *end*\]. The inner loop iterates over the sub-intervals. Therefore the inner loop has an overall linear iteration count. Example xnu is a natural example for amortized complexity: Though a single visit to the inner loop can cost *len* (if $\documentclass[12pt]{minimal}
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Our experimental results (Sect. [8.3](#Sec25){ref-type="sec"}) demonstrate that state-of-the-art bound analyses fail to infer tight bounds for Example xnu and similar problems.

Abstraction {#Sec20}
-----------

We give a formal representation of the *concrete* program semantics of Example xnu in form of a *labeled transition system* (LTS) shown in Fig. [9](#Fig9){ref-type="fig"}b. Each edge in the LTS is labeled by a formula which encodes the transition relation. Consider, e.g., the edge from $\documentclass[12pt]{minimal}
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Bound Computation {#Sec21}
-----------------

In Fig. [11](#Fig11){ref-type="fig"} the reset graph of Fig. [10](#Fig10){ref-type="fig"}b is shown. Table [8](#Tab8){ref-type="table"} shows how our bound algorithm from Sect. [3](#Sec6){ref-type="sec"} infers the *linear* bound $\documentclass[12pt]{minimal}
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Experiments {#Sec22}
===========

*Implementation* The presented analysis defines the core ideas and techniques of our implementation loopus. A complete description of the implemented techniques, including a *path-sensitive* extension of our bound algorithm, is given in \[[@CR30]\]. Our implementation is open-source and available at \[[@CR18]\]. loopus reads in the LLVM \[[@CR23]\] intermediate representation and performs an intra-procedural analysis. It is capable of computing bounds for loops as well as analyzing the complexity of non-recursive functions.

In the following we discuss three experimental setups and tool comparisons. Our first experiment, which we discuss in Sect. [8.1](#Sec23){ref-type="sec"} is performed on a benchmark of open-source C programs. For our second experiment (Sect. [8.2](#Sec24){ref-type="sec"}), we assembled a benchmark of challenging programs from the literature on automatic bound analysis. The third experiment was performed on a set of interesting loop iteration patterns that we found in real source code.

Evaluation on Real World C Code {#Sec23}
-------------------------------

*Experimental Setup* We base our experiment on the program and compiler optimization benchmark *Collective Benchmark* \[[@CR17]\] (cBench), which contains a total of 1027 different C files (after removing code duplicates) with 211.892 lines of code. We set up the first comparison of complexity analysis tools on real-world code. For comparing our tool (loopus'15) we chose the three most promising tools from recent publications: the tool KoAT implementing the approach of \[[@CR6]\], the tool CoFloCo implementing \[[@CR10]\] and our own earlier implementation loopus'14 \[[@CR29]\]. Note that we compared against the most recent versions of KoAT and CoFloCo (download 01/23/15).[2](#Fn2){ref-type="fn"} We were not able to evaluate Rank (implementing \[[@CR2]\]) and C4B (implementing \[[@CR7]\]) on our benchmark because both tools support only a limited subset of C. The experiments were performed on a Linux system with an Intel dual-core 3.2 GHz processor and 16 GB memory. The task was to perform a complexity analysis on function level. We used the following experimental set up:We compiled all 1027 C files in the benchmark into the LLVM intermediate representation using clang.We extracted all 1751 functions which contain at least one loop using the tool *llvm-extract* (comes with the LLVM tool suite). Extracting the functions to single files guarantees an intra-procedural setting for all tools.We used the tool *llvm2kittel* \[[@CR20]\] to translate the 1751 LLVM modules into 1751 text files in the integer transition system (ITS) format that is read in by KoAT.We used the transformation described in \[[@CR10]\] to translate the ITS format of KoAT into the cost equations representation that is read in by CoFloCo. This last step is necessary because there exists no direct way for translating C or the LLVM intermediate representation into the CoFloCo input format.We decided to exclude the 91 recursive functions from the benchmark set because we were not able to run CoFloCo on these examples (the transformation tool does not support recursion), KoAT was not successful on any of them, and loopus does not support recursion. In total our example set thus comprises 1659 functions. Table 9Tool results on analyzing the complexity of 1659 functions in the cBench benchmark, none of the tools infers $\documentclass[12pt]{minimal}
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*Evaluation* Table [9](#Tab9){ref-type="table"} shows the results of all four tools on our benchmark using a time out of 60 s (Table [10](#Tab10){ref-type="table"} shows the results on the subset of those functions on which no tool timed out). The first column shows the number of functions which were successfully bounded by the respective tool, the last column shows the number of time outs, on the remaining examples (not shown in the table) the respective tool did not time out but was also not able to compute a bound. The column *Time* shows the total time used by the respective tool to process the benchmark. loopus'15 obtains results for about twice as many functions as KoAT, CoFloCo, and loopus'14 while needing an order of magnitude less time than KoAT and CoFloCo, and significantly less time than loopus'14. We conclude that our implementation is both more scalable and, on real C code, more successful than implementations of other state-of-the-art approaches. However, while the experiment clearly demonstrates that our implementation outperforms the competitors with respect to scalability, it does not allow to compare the strengths of the different bound analyses conclusively: we observed that llvm2kittel, the only tool available for translating C-code resp. the LLVM intermediate representation into the ITS format of KoAT, looses information that is kept by our analysis. As a result, it is unclear if a failure to compute a bound is due to different analysis strength or due to information loss during translation (we have not seen such an information loss for our second and third experiment, on which we report in Sects. [8.2](#Sec24){ref-type="sec"} and [8.3](#Sec25){ref-type="sec"}, where the considered benchmarks consist of rather small, pure integer programs for which llvm2kittel works well).Table 10Tool results on analyzing the complexity of the subset of those functions in the cBench benchmark on which no tool timed outSucc.1*n*$\documentclass[12pt]{minimal}
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We hope that our experiment motivates the development of better tools for bound analysis of real world-code and drives the research towards solving realistic complexity analysis problems. We want to add that to our experience, working with C programs instead of integer transition systems is very helpful for developing and debugging a complexity analysis tool: looking at C code, we can use our own intuition as programmers about the expected complexity of the analyzed code and compare it to the complexity reported by the tool.

*Pointers and Shapes* Even loopus'15 computed bounds for only about half of the functions in the benchmark. Studying the benchmark code we concluded that for many functions pointer alias and/or shape analysis is needed for inferring functional complexity. In our experimental comparison such information was not available to the tools. Using optimistic (but unsound) assumptions on pointer aliasing and heap layout, our tool loopus'15 was able to compute the complexity for in total 1185 out of the 1659 functions in the benchmark, using 28 min total time. A discussion of our optimistic pointer aliasing and heap layout assumption and on the reasons of failure can be found in \[[@CR30]\].

The benchmark and more details on our experimental results can be found on \[[@CR18]\] where our tool is also offered for download.

Evaluation on Examples from the Literature {#Sec24}
------------------------------------------

Table 11Tool Results on analyzing examples from the literature, none of the tools infers $\documentclass[12pt]{minimal}
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In order to evaluate the precision of our approach on a number of known challenges to bound analysis, we performed a tool comparison on 110 examples from the literature. Our example set comprises those examples from the tool evaluation in \[[@CR6], [@CR29]\] that were available as imperative code (C or pseudo code, in total 89 examples), and additionally the examples used for the evaluation of Ref. \[[@CR7]\] (15 examples) as well as the running examples of Ref. \[[@CR27]\] (6 examples). We added the tools *Rank* (implementing \[[@CR2]\]) and *C4B* (implementing \[[@CR7]\]) to the comparison, because we were able to formulate the examples over the restricted C subset that is supported by these two tools (this was not possible for our experiment on real-world code).

The results of our evaluation are shown in Table [11](#Tab11){ref-type="table"}. Our two tools loopus'15 and loopus'14 compute the highest number of *linear* bounds and are also significantly faster than the other tools, in particular than KoAT and CoFloCo. On the other hand, KoAT computes the highest number of bounds in total (4 more than loopus). CoFloCo computes, in total, 1 bound more than our tool. The comparable low number of bounds computed by C4B is also due to the fact that the approach implemented in C4B is limited to linear bounds.

In summary, our second evaluation shows that our approach is not only successful on the class of problems on which we focused in this article, but solves also many other bound analysis problems from the literature. Note, that in contrast to our first evaluation, our second benchmark contains small examples from academia (1293 LOC, in average 12 lines per file). On these examples our implementation is comparable in strength to the implementation of other state-of-the-art approaches to bound analysis. Given that our tool is a prototype implementation, there is room for improvement, concrete suggestions are discussed in \[[@CR30]\]. More details on the results computed by each tool can be found on \[[@CR19]\].

Evaluation on Challenging Iteration Patterns from Real Code {#Sec25}
-----------------------------------------------------------

Scanning through two C-code benchmarks (*cBench* \[[@CR17]\] and *SPEC CPU 2006* \[[@CR21]\]), we found a number of 23 *different* loop iteration patterns which we consider to be particular challenging for state-of-the-art bound analyses. The 23 patterns have the following property in common: (1) there is an inner loop *L* with loop counter *c*, such that *c* is *increased* on an outer loop of *L*. (2) Nevertheless, the *amortized cost of L* (the overall worst-case cost of executing *L*, averaged over the number of executions of its outer loop) is lower than the worst-case cost of a *single* execution (a single instance of *consecutive* iterations) of *L*.Table 12Tool results on 23 challenging loop iteration patterns from *cBench* and *SPEC CPU 2006* Benchmarksloopus'15loopus'14CoFloCoKoATRankC4Bcf_decode_eol*O*(*n*)$\documentclass[12pt]{minimal}
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Example xnu (discussed in Sect. [7](#Sec19){ref-type="sec"}) is a natural example for the described behaviour.

The complete benchmark is available at \[[@CR19]\]. For each pattern we link its origin in the header of the respective file. Note that for some patterns we found several instances.

Table [12](#Tab12){ref-type="table"} states the results that were obtained by loopus'15, loopus'14, *CoFloCo*, *KoAT*, *Rank* and *C4B*: '$\documentclass[12pt]{minimal}
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We explain the last 5 rows of Table [12](#Tab12){ref-type="table"}: '**Total Tight**' states the number of examples for which the respective tool inferred a *tight* bound (see Definition [5](#FPar5){ref-type="sec"}). '**Total Over-approx.**' states the number of examples for which the respective tool inferred a bound that is *not* tight. '**Total Fail**' states the number of examples for which the respective tool did not report a bound, but returned within the time out limit of 20 min. '**Total Timed Out**' states the total number of examples on which the respective tool timed out (the time out limit was 20 min). '**Total Time**' states the overall time consumed by the respective tool for processing the complete benchmark. '**Total Time w/o TO**' states the overall time consumed by the respective tool on those examples on which the tool did not time out.

loopus'15 fails to infer a *tight* bound only for Configure and analyse_other. For both examples a precise bound can be obtained by an improvement of our variable bound function ($\documentclass[12pt]{minimal}
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                \begin{document}$$ V\mathcal {B} $$\end{document}$) described in \[[@CR30]\] which is not yet implemented into our tool. loopus'15 is far more successful in inferring tight bounds for the examples than any of the competitors. loopus'15 infers 21, loopus'14 12, *Rank* 7, *C4B* 6, *CoFloCo* 6 and *KoAT* 2 tight bounds. There are 9 examples for which *only* our tool loopus (loopus'15 and loopus'14) infers a tight bound: cf_decode_eol, PackBitsEncode, s_SFD_process, send_tree, subsetdump, ParseFile, SingleLinkCluster,xdr3dfcoord, and XNU.

The experiment demonstrates, that our bound analysis complements the state-of-the-art, by inferring tight bounds for a class of real-world loop iterations, on which existing techniques mostly fail or obtain coarse over-approximations.

*Technical remarks* (1) We counted the time needed by the tool *Aspic* (a preprocessor for *Rank* which performs *invariant generation*) into the time of the bound analysis performed by *Rank*. (2) *Rank* reported an unsound bound and an error message for the examples s_SFD_process.c, load_mems.c and SingleLinkCluster.c. On these examples we therefore assessed *Rank*'s return value as *fail* ('$\documentclass[12pt]{minimal}
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Amortized Complexity Analysis {#Sec26}
=============================

In the following we discuss how our approach relates to *amortized complexity analysis* as introduced by Tarjan in his influential paper \[[@CR32]\]. We recall Tarjan's idea of using *potential functions* for amortized analysis in Sect. [9](#Sec26){ref-type="sec"}. In Sect. [9.1](#Sec27){ref-type="sec"} we explain how our approach can be viewed as an instantiation of amortized analysis via potential functions.

*Amortized Analysis using Potential Functions* Amortized complexity analysis \[[@CR32]\] aims at inferring the worst-case average cost over a sequence of calls to an operation or function rather than the worst-case cost of a single call. In (resource) bound analysis the difference between the single worst-case cost and the amortized cost is relevant, e.g., if a function $\documentclass[12pt]{minimal}
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*Potential Function* As a means to reason about the amortized cost of an operation or a sequence of operations, Tarjan introduces the notion of a *potential function*. A potential function is a function $\documentclass[12pt]{minimal}
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Amortized Analysis in our Algorithm {#Sec27}
-----------------------------------
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Conclusion {#Sec28}
==========

We presented a new approach to (resource) bound analysis. Our approach complements existing approaches in several aspects, as discussed in Sect. [2.3](#Sec5){ref-type="sec"}. Our analysis handles bound analysis problems of high practical relevance which current approaches cannot handle: current techniques \[[@CR6], [@CR7], [@CR10], [@CR29]\] fail on Example xnu and similar problems. We have argued that such problems, e.g., occur naturally in parsing and string matching routines. During our experiments on real-world source code, we found 23 different iteration patterns that pose a challenge for similar reasons as Example xnu: in these patterns, the worst-case cost of a single inner loop execution is lower than the worst-case cost of the inner loop averaged over the iterations of the outer loop. Our implementation obtains tight bounds for 21 out of these 23 iteration patterns (Sect. [8.3](#Sec25){ref-type="sec"}).

Our algorithm (Sect. [3](#Sec6){ref-type="sec"}) obtains invariants by means of bound analysis and does not rely on external techniques for invariant generation. This is in contrast to current bound analysis techniques (see discussion on related work in Sect. [2](#Sec2){ref-type="sec"}). We have compared our algorithm to classical invariant analysis and argued that we can efficiently compute invariants which are difficult to obtain by standard abstract domains such as octagon or polyhedra (Sect. [2](#Sec2){ref-type="sec"}). We have demonstrated that the limited form of invariants (upper bound invariants) that our algorithm obtains is sufficient for the bound analysis of a large class of real-world programs.

We have demonstrated that *difference constraints* are a suitable abstract program model for automatic complexity and resource bound analysis. Despite their syntactic simplicity, difference constraints are expressive enough to model the complexity-related aspects of many imperative programs. In particular, difference constraints allow to model *amortized complexity* problems such as the bound analysis challenge posed by Example xnu (discussed in Sect. [7](#Sec19){ref-type="sec"}). We developed appropriate techniques for abstracting imperative programs to $\documentclass[12pt]{minimal}
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Our approach deals with many challenges bound analysis is known to be confronted: in Sect. [8.2](#Sec24){ref-type="sec"} we compared our tool on a benchmark of challenging problems from publications on bound analysis. The results show that our prototype implementation can handle most of these problems. Here, our implementation, while comparable in terms of strengths to other implementations of state-of-the-art bound analysis techniques, performs the task significantly faster than the competitors. The results obtained by our prototype tool could be further enhanced by extending our implementation with additional techniques discussed in \[[@CR30]\].

We stress that our approach is more *scalable* than existing approaches. We presented empirical evidence of the good performance characteristics of our analysis by a large experiment and tool comparison on real source code in Sect. [8.1](#Sec23){ref-type="sec"}. We discuss the main technical reasons for scalability of our analysis in Sect. [10.1](#Sec29){ref-type="sec"}.

We think that the abstract program model of difference constraint programs is worth further investigation: given that difference constraints can model standard counter manipulations (counter increments, decrements and resets), a further research on complexity analysis of difference constraint programs is of high value. We consider $\documentclass[12pt]{minimal}
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Discussion on the Scalability of Our Analysis {#Sec29}
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In the following we state what we consider to be the main technical reasons that make our analysis scale:

First of all, we achieve scalability by *local* reasoning: note that our abstraction procedure relies on purely *local information*, i.e., information that is available on *single* program transitions. In particular, we do not apply global invariant analysis. Further, the sets $\documentclass[12pt]{minimal}
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                \begin{document}$$\zeta $$\end{document}$ (Sect. [4](#Sec13){ref-type="sec"}) is *polynomial* even in the generalized case (Sect. [4.1](#Sec14){ref-type="sec"}).

We use bound analysis to infer bounds on variable values (variable bounds). Unlike classical invariant analysis this approach is *demand-driven* and does *not* perform a *fixed point* iteration (see discussion in Sect. [2.3](#Sec5){ref-type="sec"}).

Note that the only general purpose reasoner we employ is an SMT solver. Further, the SMT solver is only employed in the program abstraction phase. In terms of size, the problems we feed to the SMT solver are *small*, namely simple linear arithmetic formulas, composed of the arithmetic of single transitions. Our approach instruments the SMT solver only for *yes/no* answers, no *optimal* solution (e.g., minimum or minimal unsatisfiable core) is required.

Our basic bound algorithm (Definition [19](#FPar19){ref-type="sec"}) runs in *polynomial time*. The reasoning based on reset chains (Definition [23](#FPar24){ref-type="sec"}), however, has *exponential* worst-case complexity, resulting from the potentially exponential number of paths in the program (exponential in the number of program transitions). We did not experience this to be an issue in practice because the *simplicity* of our abstract program model allows to take straightforward engineering measures: program slicing reduces the number of paths in the program *significantly*, further, *merging* of similar paths can be applied (details are given in \[[@CR28]\]).
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<https://www.spec.org/cpu2006/>.

<https://github.com/s-falke/kittel-koat>, <https://github.com/aeflores/CoFloCo>.
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